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Abstract
In this article we describe our studies of the sigma meson, f0(500), using
two-pion correlation functions. We use lattice quantum chromodynamics in the
quenched approximation with so-called clover fermions. By working at unphys-
ical pion masses we are able to identify a would-be resonance with mass less
than 2mpi, and then extrapolate to the physical point. We include the most
important annihilation diagram, which is “partially disconnnected” or “single
annihilation.” Because this diagram is quite expensive to compute, we intro-
duce a somewhat novel technique for the computation of all-to-all diagrams,
based on momentum sources and a truncation in momentum space. In prac-
tice, we use only p = 0 modes, so the method reduces to wall sources. At the
point where the mass of the pion takes its physical value, we find a resonance in
the 0++ two-pion channel with a mass of approximately 609± 80 MeV, consis-
tent with the expected properties of the sigma meson, given the approximations
we are making.
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1 Motivation
Scalar resonances in quantum chromodynamics (QCD) have proven to be challenging
objects to study in terms of experimental observation, computational studies, and
theoretical explanation. The most elusive of these scalar states are arguably the
f0(500) or σ resonance, and the lightest scalar meson with nonzero strangeness, the
κ(900). As far as the I = 0 state is concerned, many experiments over the years have
found a broad enhancement in the two-pion spectrum, beginning at threshold and
continuing to around 900 MeV: for instance a pi−p → pi−pi+n experiment at 17 GeV
that ran at CERN 1970-1971 [1], pp → pppi0pi0 at 450 GeV by the GAMS NA12/2
collaboration1 also at CERN [2], pi−p→ pi0pi0n at 18.3 GeV by the Brookhaven E852
experiment [3], and J/ψ → ωpi+pi− by BES II [4]. If anything, the quality of the
data has improved over time revealing that the enhancement takes on the shape of a
very broad peak centered at around 500 MeV with a comparable width—though the
shape may also have something to do with the channel in which the two-pion invariant
mass was explored. Also over the years, there have been several lattice calculations of
scalar correlation functions in the I = 0 JPC = 0++ channel, but many of them do not
include annihilation diagrams that couple to the vacuum (see for instance Figs. 1(b)
and 1(c) below) [5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16]. Analysis of 0++ glueballs
in full QCD [17] should also shed light on these states, due to mixing. The LHCb
collaboration [18] report that the f0(500) is not a mesonic bound state according to
their models, and present (model dependent) upper limits of the mixing of the f0(500)
between u¯u + d¯d and s¯s constituent quark states. There are several questions that
remain open, e.g.,
• The width and mass of the resonance are comparable. While the shape does
not agree with the two-pion continuum spectrum, it is possible that strong
interaction effects between the two pions could produce such a spectrum, calling
into question its identification as a true resonance in the classic sense of the
word.
• Though the quantum numbers of the f0(500) are easy to discern, its partonic
content is not known with any degree of confidence. One would certainly ex-
pect a large contribution from first generation quarks, and the possibility of
contributions from the strange quark are certainly feasible. There is also the
question of contributions from purely gluonic states, as yet seen only on the
lattice. However, it is usually assumed that this contribution is small since the
glueball in quenched lattice QCD has a mass around 1.6 GeV.
• The scattering phase of the two pseudoscalars in this channel ought to shift
by pi radians if the intermediate state were a coherent and distinct quantum
1This very old paper describes the interaction as “pp→ pfpi0pi0ps”, but the meaning of the “f”
and “s” subscripts is unknown to us.
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state that behaved like a Breit-Wigner resonance; it is possible that a more
general two-meson bound state would give a smaller shift. Confusingly, the
1974 CERN-Munich measurements [19] of this phase shift give an intermediate
value of only pi/2 radians. A possible explanation was offered by Ishida et al. [20]
whereby a “repulsive core” in the f0(500) induces a negative background phase
to account for the “missing” phase shift of the channel. However, for a long
time this lack of an adequate phase shift has cast doubt on the existence of the
f0(500). Subsequent fits such as [21, 22] have seemingly alleviated this problem,
apparently by avoiding the assumption of a Breit-Wigner type phase shift.
• There are also indirect uncertainties about the f0(500) in the context of its
role in a scalar nonet [23, 24] and also a chiral scalar nonet [25]. The f0(500)
can also play the role of a ‘Higgs boson’ in the context of lightest pseudoscalar
mesons being the Nambu-Goldstone bosons of a (broken) chiral symmetry. This
idea can be extended to “walking technicolor” models whereby the longitudinal
components of the electroweak gauge bosons (W±, Z0) are described as com-
posite particles known as techni-pions composed of techni-quarks. In fact, the
Higgs boson has even been proposed as the pseudo-Nambu-Goldstone boson of
scale invariance (see [26] for a review). So one wonders whether there is any
connection between f0(500) and scale invariance in QCD.
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Lattice QCD can shed light on some of these matters from a model independent,
ab initio perspective. By identifying the f0(500) state on the lattice, we can measure
its mass and other properties using well established techniques. A further, much more
demanding study, is to use Lu¨scher’s method to measure the I = 0, L = 0 scattering
phase shift δ00 of the pi
+pi− → pi+pi− system, as has been done recently in a quite heroic
effort [16]. This measurement has the benefit of not requiring a partial wave analysis
with several intermediate states fit simultaneously, as is necessary in the experimental
approach. In the calculation presented here, we show how the ground state energy of
the pi+pi− → pi+pi− system at six different pion masses evolves with bare quark mass
m0 and that a linear extrapolation of these masses to physical scales indicates that
the observed ground state is that of the f0(500). Given that the principal decay of
the σ is probably to pipi states, it seems that there should be a strong coupling to the
interpolating operators that we use. It is also suggested by the tetraquark proposal
for this state [27, 28]. Our work is quite similar to [8], including working at heavy
pion masses where the would-be resonance3 lies below 2mpi. Here, however we include
the partially disconnected (single annihilation) diagrams, Figs. 1(c) and 1(d).
2Of course scale invariance is badly broken in QCD due to the quark masses and the scale anomaly,
due to a relatively large β function.
3Of course, in this mass range it would not be a true resonance. Thus we write here “would-be
resonance,” hoping it is more appropriate, since it is the same state as the resonance when continued
to lighter masses. We would also like to point out that there are essentially never true resonances
on the lattice, because momentum is quantized and at a generic point the resonance cannot decay
into two lighter hadrons because the mass difference will not be exactly equal to any of the kinetic
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2 The four-point pseudoscalar correlation function
In order to study a 0++ scalar state such as the f0(500) we must create a state on
the lattice with the same quantum numbers. One such state is pi+pi− which we can
create by inserting pseudoscalar creation operators P+† and P−† at at (0, 0) and
(x,0) respectively. We then destroy the pseudoscalars at (y,t) and (z,t), leading to
the correlation function
C(t) = 〈Ω|T{P−(z, t)P+(y, t)P−†(x, 0)P+†(0, 0)}|Ω〉, (1)
where in terms of the quark fields
P+†(x, t) = u¯(x, t)γ5d(x, t),
P−†(x, t) = d¯(x, t)γ5u(x, t). (2)
For notational convenience we work with the understanding that the points y and
z are located at timeslice t ≥ 0, and x and 0 are located at t0 = 0. After per-
forming the relevant Wick contractions there are four distinct propagator diagrams,
illustrated in Fig. 1. We subtract from each relevant correlation function the (truly)
disconnected pieces to leave only the truly connected part and average over gauge
field configurations.4
Since we are calculating pi+pi− → pi+pi− with zero momentum pions, both I = 0
and I = 2 channels with I3 = 0 contribute. However, based on the result of [8], as
well as what is known experimentally, we do not expect a resonance in the I = 2
channel for the 0++ states. Thus the resonant feature that we are able to observe in
our simulations is to be identified with an I = 0 hadron, such as f0(500), f0(980) or
f0(1370). We also avoid the “crossed” or “quark exchange” diagrams that occur in
pi0pi0 → pi0pi0, which is necessary to include if an I = 0 projection is performed (see
for instance Fig. 1(b) of [29] where such diagrams were included).
We wish to measure the ground state energy of the system, so we at this point
project the pseudoscalar operators onto zero momentum.5 The momentum of the
pions p at each respective lattice point obeys p0 + px = P = py + pz, hence there
are many combinatorial choices of pion momenta that satisfy P = 0. We expect,
however, that the choice px = py = pz = 0 will have a significant overlap with P = 0,
especially in the heavy quark limit where one can expect 2mpi > 500 MeV. For lower
quark masses, this assumption will be less true. The Fourier transformed correlation
energies possible with the quantized momenta. But again, the term “resonance” is universally
employed because in the limit of infinite volume the decays would be allowed.
4In lattice QCD, diagrams where quark lines are not connected are often called “disconnected”
even though the average of the gauge field configurations effectively connects the quark lines through
gluon interactions.
5Ultimately we will end up projecting the quark fields themselves onto momentum eigenstates.
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Figure 1: The four types of contractions of the quark fields that we can have. These
propagators are then averaged over the gauge field configurations to get the correlation
function. Diagrams (a), (b), (c) and (d) correspond to correlation functions C0, C1,
C2 and C3 respectively.
functions Cn(P = 0, t) are,
C0(0, t) =
〈∑
x,y,z
Tr
[
S(x, z)S†(x, z)
]
Tr
[
S(y, 0)S†(y, 0)
]〉
U
−
〈∑
x,y,z
Tr
[
S(x, z)S†(x, z)
]〉
U
〈
Tr
[
S(y, 0)S†(y, 0)
]〉
U
, (3a)
C1(0, t) =
〈∑
x,y,z
Tr
[
S(y, z)S†(y, z)
]
Tr
[
S(x, 0)S†(x, 0)
]〉
U
−
〈∑
x,y,z
Tr
[
S(y, z)S†(y, z)
]〉
U
〈
Tr
[
S(x, 0)S†(x, 0)
]〉
U
, (3b)
C2(0, t) =
〈∑
x,y,z
Tr
[
S(y, z)S†(x, z)S(x, 0)S†(y, 0)
]〉
U
, (3c)
C3(0, t) =
〈∑
x,y,z
Tr
[
S(x, z)S†(y, z)S(y, 0)S†(x, 0)
]〉
U
, (3d)
where S(x, z) is the Euclidean quark propagator from z to x and the trace is over spin
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and colour indices, which have been suppressed. The notation 〈· · · 〉U indicates an
average over gauge fields. We have imposed u, d quark mass degeneracy and employed
γ5-hermiticy,
S(x, z) = γ5S
†(z, x)γ5, (4)
which eliminates the γ5 matrices in the pseudoscalar operators. The full correlation
function Csum(P = 0, t) is given by,
Csum(0, t) = C0(0, t) + C1(0, t)− 2 Re C2(0, t), (5)
as C3(0, t) is the complex conjugate of C2(0, t).
The correlation function can also be represented as the sum of exponentials of
energy En,
Csum(P, t) =
∑
n
An(P)e
−En(P)t, E0 < E1 < E2 < .... (6)
In the limit of t→∞, the correlation function will be dominated by the lowest energy
level. By defining an effective mass,
meff(P, t) = − ln
[
Csum(P, t+ 1)
Csum(P, t)
]
lim
t→∞
meff = E0, (7)
we can extract the ground state of any would-be resonance that lies below 2mpi.
3 Quark propagator approximation with smeared
wall sources
As can be seen from Eqs. (3), one needs to place quark sources at 0 and z, and sink the
quark propagators at x and y. The propagators sourced at 0 are very cheap as we can
use a point source and need only calculate them once per gauge field configuration.
The propagators sourced at z require considerable computational effort to calculate if
one is to project the pseudoscalar at z to zero momentum. If one were to employ point
sources, one would have to invert the associated fermion matrix M an entire Euclidian
spacetime volume’s worth of times which is prohibitive on larger lattices. One solution
is to estimate the propagators using stochastic sources, as is done elegantly in [30], or
a more sophisticated technique such as the Laplace-Heaviside method [31] or even an
amalgam of both [32]. Each of these techniques offer a substantial reduction in the
number of inversions required to calculate sufficiently accurate propagators. We have
conducted some initial studies in this stochastic direction in earlier works [33, 34].
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3.1 Momentum sources
Another method is to use momentum sources, such as used by Gockeler et al. in
[35, 36], which are unit wall sources (defined only on one time slice, and fully “diluted”
in Dirac index and color) and modulated by a momentum phase,
ραap (x, t) = e
ip·xδt,t0δ
αα0δaa0 ≡ eip·xραa(x) (8)
Here, t0 is the location of the timeslice where the source sits, and it only receives a
nonzero value for one spinor index α0 and one color a0. Note that this equation fills
all values of x with nonzero elements for the corresponding t0, α0, a0. We iterate over
all 12 choices of α0, a0 in order to construct the momentum source propagator, so
that in fact there are 12 inversions of the fermion matrix per timeslice. The sources
form a complete set when summed over all p and one can form the full complement
the full all-to-all propagator which is sourced at t0. This is in complete analogy
with stochastic sources expressed as column vectors ηi(x), where one exploits the
conditions,
lim
N→∞
1
N
N−1∑
i=0
ηi(x)ηi(y)
† = δ(x, y), lim
N→∞
1
N
N−1∑
i=0
ηi(x) = 0, (9)
to solve a simple, linear matrix-vector system for φi(x) and build the approximate
propagator after summing over many distinct ηi(x),
φi(y) =
∑
x
M -1(y;x)ηi(x),
1
N
N−1∑
i=0
φi(x)ηi(y)
† =
1
N
N−1∑
i=0
∑
z
M -1(x; z)ηi(z)ηi(y)
†,
lim
N→∞
1
N
N−1∑
i=0
φi(x)ηi(y)
† = M -1(x; y). (10)
In the case of momentum sources, one need only sum over the finite range of distinct
momentum modes p per timeslice to acquire an approximation to the full propagator.
The procedure is strikingly similar,
1
VB
∑
p∈B
ρp(x)ρp(y)
† =
1
VB
∑
p∈B
ρ(x)ρ(y)†e−ip·(y−x) = δ(x, y),
1
VB
∑
p∈B
ρp(x) = 0,
(11)
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where B is all allowed momenta, the Brillouin zone, and VB a Fourier normalisation
factor—the volume of B. Then, for some χp(x),
χp(y) = M
-1(y;x)ρp(x),
1
VB
∑
p∈B
χp(x)ρp(y)
† =
1
VB
∑
p∈B
M -1(x; z)ρp(z)ρp(y)
†,
1
VB
∑
p∈B
χp(x)ρp(y)
† = M -1(x; y). (12)
Of course, summing over all possible momentum modes would be just as computa-
tionally expensive as summing over all point sources. However, we might reasonably
expect that some subset of the low momenta have good overlap with the low energy
component of the full propagator. If we restrict that subset to momenta that satisfy,∣∣∣∣∣2a sin(pia2 )
∣∣∣∣∣ 1a, ∀ i = 1, 2, 3 (13)
for some lattice spacing a, and denote that subset as Q, the we can ‘project’ the
propagator onto those low modes,
1
VQ
∑
p∈Q
χp(x)ρp(y)
† =
1
VQ
∑
p∈Q
M−1(x; z)ρp(z)ρp(y)†,
≡M−1Q (x; y). (14)
Furthermore, the contribution to the correlation function coming from high momen-
tum modes is suppressed for the ground states that we explore so it is a reasonable
approximation to cut off the propagator in this way, denoting the hypothesized ap-
proximation as
M−1Q (x; y) 'M−1(x; y) (15)
However, this truncation is not a gauge covariant procedure. We remind the reader
that this is true of wall source calculations. It is also well known that the gauge
variation of the resulting correlation functions will vanish when one averages over
gauge orbits, which happens automatically in a Monte Carlo calculation with enough
gauge field configurations. This is further explained in Appendix A. For this reason we
have averaged over typically 4,000 gauge field configurations so that the gauge variant
part will cancel to a good approximation. Performing gauge fixing does improve
the signal-to-noise ratio, but would not change the central value, which is the gauge
invariant part. We found that such gauge fixing was not necessary, but have conducted
some studies where we use Coulomb gauge fixed wall sources, finding results that are
entirely consistent with those shown in Fig. 2, in the cases where this check has been
performed.
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For our current investigation, the least expensive subset Q is of course the one
that only contains the zero momentum mode. This is nothing other that the method
of wall sources. In this respect, using the p = 0 momentum mode at z and 0 in
our calculation is the momentum space analogue of a point-to-all propagator. The
advantage with the wall source is that it automatically projects onto total momentum
P = 0 for the two-pion operators, once the appropriate Fourier transform at the sink
is performed.
With this in mind, we may re-express the correlation functions defined in equations
(3) in terms of propagators with mixed position- and momentum-space structure,
S(x,0) to reflect the projection of the pseudoscalars sourced at z and 0 to zero
momentum,
C0(0, t) =
〈∑
x,y
Tr
[
S(x,0)S†(x,0)
]
Tr
[
S(y,0)S†(y,0)
]〉
U
−
〈∑
x,y
Tr
[
S(x,0)S†(x,0)
]〉
U
〈
Tr
[
S(y,0)S†(y,0)
]〉
U
, (16a)
C1(0, t) =
〈∑
x,y
Tr
[
S(y,0)S†(y,0)
]
Tr
[
S(x,0)S†(x,0)
]〉
U
−
〈∑
x,y
Tr
[
S(y,0)S†(y,0)
]〉
U
〈
Tr
[
S(x,0)S†(x,0)
]〉
U
, (16b)
C2(0, t) =
〈∑
x,y
Tr
[
S(y,0)S†(x,0)S(x,0)S†(y,0)
]〉
U
, (16c)
C3(0, t) =
〈∑
x,y
Tr
[
S(x,0)S†(y,0)S(y,0)S†(x,0)
]〉
U
. (16d)
The summation is now over x and y only which saves an order of L3 in both propaga-
tor storage space, and spin-color trace calculation. When employing spin-color-time
dilution, this technique requires only T × Nspin × Ncolour inversions to approximate
the low mode propagator, which is a particularly attractive feature.
3.2 Smearing
In order to suppress the effects of excited states, one usually applies a gauge covariant
differential function to the quark source to suppress such contributions. For a point
source in position space, this has the effect of taking the Kronecker-delta distribution
representing the point source (the discrete version of the continuum Dirac-delta dis-
tribution) and forming a Gaussian peak with its mean at the original position of the
point source. The effect of this smearing in momentum space can be seen intuitively;
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the flatter the the gaussian in position space, the sharper the gaussian in momentum
space, which means fewer exited modes are populated. A perfectly flat source in
position-space corresponds to an ideal “point” source in momentum space, but this
will not generate the ground state exactly, but will have overlap with excited states.
We applied the Jacobi smearing operator,
Jab(x,y) = δx,yδ
a,b +
ω2
4N
∆˜ab(x,y), (17)
where the gauge covariant second derivative ∆˜ is defined as,
∆˜ab(x,y) =
3∑
n=1
[
Uabn (x)δx+nˆ,y + U
ab †
n (x− nˆ)δx−nˆ,y − 2δa,bδx,y
]
,
to the unit wall source with N = 32, ω = 4 to form a smeared momentum source
ρ˜ ap(x),
ρ˜αap (x) =
∑
y,b
(JN)ab(x,y)ραbp (y) =
∑
y,b
(JN)ab(x,y)eip·yραb(y) (18)
Here, JN is the product of the operator (17) taken N times, which is an approxi-
mation to the exponentiation exp((ω2/4)∆˜), giving a Gaussian weight in conjugate
momentum space, where pi = p + A is the conjugate momentum in the continuum
limit. For the unit wall source at zero momentum, the momentum phase is every-
where unity. This smeared source now has a colour dependency wherein each spatial
site inherits information from the surrounding gauge links. As is usual, the gauge
links in the smeared operator were replaced by smeared links, in our case using stout
smearing [37], in order to further reduce UV fluctuations near the cutoff 1/a. For our
study we used n = 3 stout smearing hits, weighted by the coefficient ξµν = 0.1 for
µ = ν = 1, 2, 3, and zero elsewhere.
The hopping parameter κ ≡ ω2/4N = 0.125 is a reasonable value when generating
gaussian sources from point sources, and for momentum sources we found excellent
suppression of excited states in early time slices, for both the C0 and C2 diagrams.
The C1 diagram remained very noisy at all but the earliest of time slices. Previous
lattice studies on this system opted to omit the contributions from this particular
contraction of the quarks in (3) which we were also forced to do as the level of noise
from this diagram drowned out all signal. High statistics study show that the C1
diagram contribution is very small, once the disconnected part is subtracted off. This
is because the unsubtracted correlation function is to a very good approximation flat,
a result of the operators at the sink and source “disappearing” into the vacuum.
The excited state suppression can be understood in light of v. Hippel et al. [38].
They show that instances of highly localised chromomagnetic flux in the gauge field
can distort the shape of a covariantly smeared quark source away from the expected
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profile. In the present case, the colour diluted, unsmeared momentum sources are
themselves a global source of chromomagnetic flux, having a rather unnatural real,
unit value in one color vector component and zero elsewhere. This chromomagnetic
flux manifests as excited quark modes in the effective mass plot, which then dissipate
with t. Application of the smearing operator to the momentum source dampens this
effect by sampling the gauge field local to the lattice point and “smoothing” the local
chromomagnetic flux with respect to the gauge background.
4 Results
All of the results presented in this section are obtained with gauge coupling of β =
6/g2 = 5.45 and clover fermions with the tree-level improvement coefficient of cSW =
1.0. This is a quenched calculation, so the fermion determinant is set to unity in
the simulation, which is performed with the standard SU(3) heatbath [39]. 5000
thermalization sweeps were performed prior to sampling, and samples were separated
by 200 sweeps. For all but the lightest pion mass, 4000-4500 samples were used in our
expectation values. For the lightest mass, only 2000 samples were used, due to the
cost of matrix inversion being significantly greater as the condition number increases.
In order to address autocorrelations, the error estimates were based on a jackknife
analysis with jackknife blocks of 400 samples. All data was obtained from 103 × 20
lattices, which is why the coarse lattice spacing corresponding to β = 5.45 was used
(a ∼ 0.4 fm). For the relatively large pion masses that we simulated, the finite volume
effects are under control, with mpiL ≥ 4.
As stated in the previous section, we were forced to omit the C1(t) contribution
from our calculation due to the overwhelming amount of noise it introduces. We can
expect reasonable results even with this omission as the numerical values of C1(t) are
much larger than the other contributions, but exhibit little to no sign of exponential
decay. On the other hand, we do include the partially disconnected diagram C2(t),
which it has been argued in [40] is the most important one to include and should
“never” be neglected (although several of the studies mentioned in the introduction
do so).
Figure 2 shows the rest-mass energy of the ground state in the two-pion channel
obtained from the correlation function
C ′sum = C1(t)− 2C2(t) (19)
This estimate comes from the plateau in the effective mass for each of the bare
quark masses included in our study. The prime in Eq. (19) indicates that the doubly
disconnected diagram is omitted. It is a straightforward and standard calculation
to compute the pion masses as a function of the bare mass m0a, and determine the
physical point once the lattice scale a has been set.
Three traits can be observed from Fig. 2. First, for the lightest pion masses in-
cluded in our study, with a corresponding bare mass m0a = −0.8875, the extracted
10
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Figure 2: Effective masses, in lattice units, for the four-point correlation function (19)
shown in black dots. For comparison, the two-pion mass 2mpi is plotted with red pluses
and the single pion mass with blue splashes (color on-line). Extrapolations to the
physical point (marked by vertical lines) are also shown, using both the high and low
parts of the spectrum. It can be seen that the heavy quark mass regime extrapolates
to a drastically different value, emphasizing the need to work at sufficiently small
masses. The reasons behind the very different behavior in the two regimes is discussed
in the main text.
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ground state energy is consistent with 2mpi within error bars. Second, for the other
light masses, the effective mass exhibits a linear variation with bare mass and ex-
trapolates to mass that is consistent with the expectations for the f0(500), given the
uncertainties and systematic errors inherent in our study. Thus we identify this linear
behavior, which is lighter than the corresponding 2mpi, as a scalar state with quantum
numbers 0++, the “would-be” resonance alluded to in our earlier discussions. Third,
for the heavier pion masses, the effective mass diverges from the low mass linear
trend, and extrapolates to a much larger mass at the physical point. The reason for
this very different behavior is that in the heavy quark regime the single annihilation
diagrams, Fig. 1(c), 1(d), begin to play an increasing role, and these are subtracted
from the sum, according to Eq. (19). They become important because in this regime
the quarks are very heavy so the the four propagators stretching over a long time
interval in Fig. 1(a) are suppressed relative to only two such propagators in Fig. 1(c)
and 1(d). Since these effect scale as different powers of 1/m, where m is the dressed
quark mass, it increases as we go to heavier quarks.
We extrapolated the linear behaviour of the lighter masses (leaving out the lightest
mass) down to the physical pion mass, obtaining an estimate of M0++ = 609 ± 80
MeV. This is significantly lighter than the f0(980), suggesting that the observed state
is the f0(500) or σ. While this is somewhat heavier than the accepted value of 400-550
MeV [41], it is not inconsistent given our estimates of error. Furthermore, there is
an unknown systematic error due to quenching (setting the fermion determinant to
unity), and it is a large extrapolation, which could also introduce errors that may
be unaccounted for. We have also extrapolated the heavier masses, illustrating that
working in a heavy quark regime would lead to completely specious results, with
M0++ = 1237± 80 MeV.
The physical scale a was deduced by determining the Sommer parameter r0/a
for our value of β = 5.45 [42]. The exponential decay in Wilson loops with respect
to the temporal extent was used to identify the values of the static quark potential
V (R). As usual, the Sommer parameter in lattice units was identified from setting
R2dV (R)/dR|R=r0/a = 1.65 and taking r0 = 0.5 fm to convert to physical units. We
use two different prescriptions to identify the plateau, giving two estimates for the
lattice spacing, 0.414 fm and 0.363 fm. We then use their mean to estimate physical
mass, and the separation to estimate the scale setting error. This error is included in
our uncertainties in the previous paragraph. Thus we have arrived at our estimated
mass:
mσ = 609± 80 MeV. (20)
This is consistent with a σ to within errors and is not consistent with the other
available state in this symmetry channel, the f0(980). We take encouragement from
this exploratory result that the σ can be identified on the lattice.
One question that arises is whether the state that we see at 609 MeV is a bound
state or a multi-particle scattering state. These can be distinguished by examining
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the finite volume dependence of the extracted mass [43, 44, 45, 46]. If the state
is a bound state, then the finite volume correction falls of exponentially, with the
mass difference M − 2mpi rapidly approaching a constant. However, if the state is a
scattering state, then M − 2mpi only falls of like 1/L3. We have measured the mass
for a few of our m0a values on L = 10, 12 and 16 lattices and find that it only varies
by a few percent, lending support to the conclusion that the state we are looking at
is a bound state, and not a scattering state. For instance for m0a = −0.875, with
Coulomb gauge fixed Jacobi smeared wall sources, we find (M−2mpi)a = 0.045±0.003
for L = 10 and (M − 2mpi)a = 0.070 ± 0.005 for L = 16. Thus, the mass difference
is certainly not falling as 1/L3, and in fact increases somewhat. In more absolute
terms, M(10)a = 1.483 ± 0.003 and M(16)a = 1.508 ± 0.003 so that the mass only
changes by 1.6% as we change the volume, certainly not consistent with a scattering
state, and strongly supportive of a bound state.
5 Conclusions and further work
In this work we have shown that with a modest sized, quenched lattice, and a min-
imum of inversion overhead, one can identify a 0++ state that is signficantly lighter
than the f0(980) at the physical point, which one would then naturally identify with
f0(500). Though we omitted the doubly disconnected diagram (full annihilation)
contribution C1(t), we included the singly connected contribution C2(t), following
the recommendation of [40]. We emphasize that this was a very modest calculation
by “modern” standards, and is illustrative of an alternative confirmational study that
complements the much more demanding and thorough study of [16].
We collected this data using a Jacobi smeared wall source, which provides both the
advantage of focusing the quark distribution around vanishing conjugate momentum,
and suppression of UV and excited state contamination. This allowed us to avoid all-
to-all propagators in the calculation of diagrams involving quark annihilation, with
the modest GPU resources that were involved in this project; see Appendix C.
Future studies will repeat the study on larger lattice with a finer lattice spacing,
and will also explore the region where the resonance is heavier than 2mpi by subtract-
ing the two pion scattering state in a sequential Bayesian analysis [47]. We will also
explore using the approximation (14) with a subset Q that includes more momen-
tum modes than p = 0. Furthermore, the current measurements will be extended
to dynamical fermion lattices that we are currently generating. This will remove the
unknown quenching errors from our study.
We note that an analysis of the spectrum of resonances using the phase shift has
not been conducted in this study. This is an extremely demanding project requiring
much larger resources than were available to our study here. In addition, sophisto-
cated methods for handling annihilation diagrams, which greatly reduce the noise to
signal ratio are required, such as distillation techniques that were employed in [16].
This sort of study has only recently been achieved, in a heroic effort [16]. Even with
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this very advanced approach, which has been over a decade in the making, the un-
certainties on the lattice-derived properties (mass and width) of the f0(500) are quite
large. It is our intention to perform such an analysis in the future, but we must first
arrive at ways to improve upon the approach in the work that we have just cited. As
computational resources head toward the exascale, we believe that it will be possible
to accomplish this. However, we would like to emphasize that the study that we have
performed is complementary to a phase shift analysis, and plays an important role,
providing confirmation of the existence of the f0(500) state in lattice QCD by an
alternative, much cheaper method.
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A Non-gauge-invariant correlation functions
Here we want to consider what happens if we use operators that are not gauge invari-
ant. What we will show is that the expectation value of such operators, or their corre-
lation functions, will have a nonvanishing result if there is a singlet component in the
decomposition with respect to the lattice gauge group. That is, non-gauge-invariant
correlation functions generally transform in a reducible representation, which may
or may not contain the singlet representation under a decomposition into irreducible
representations. This is relevant to the considerations in the body of the paper above
because when we use wall sources, but Fourier transform over sink locations, a singlet
component emerges, which is the physical, gauge invariant correlation function that
we are after. Note that this occurs without any gauge fixing, though the proof of
this that now follows uses gauge fixing as an intermediate step to establish this fact.
Here, we will closely follow the discussion of gauge fixing that is found in the classic
monograph by Creutz [48].
Initially we will focus on the pure gauge theory. Considerations including quarks
will only require a slight generalization. Our observable, or correlation function, is a
functional P [U ] of the gauge links {Uµ(x)} ≡ {Uij}, where in the latter notation i, j
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are neighboring sites. It is an identity that we can write
Z−1
∫
[dU ]e−S[U ]P [U ]
= Z−1
∫ ∏
{ij}∈T
dgij
∫
[dU ]
∏
{ij}∈T
δ(Uij, gij)e
−S[U ]P [U ] (21)
where T represents a maximal tree, a maximal set of links that can be set to desired
values gij using lattice gauge invariance.
6 Next we consider the effect of a gauge
transformation
Uij = g
−1
i U
′
ijgj (22)
under which the measure and action are invariant; the delta function also has a sort
of invariance:
δ(Uij, gij) = δ(giUijg
−1
j , gigijg
−1
j ) = δ(U
′
ij, gigijg
−1
j ) (23)
The resulting expression is then
Z−1
∫
[dU ]e−S[U ]P [U ]
= Z−1
∫ ∏
{ij}∈T
dgij
∫
[dU ′]
∏
{ij}∈T
δ(U ′ij, gigijg
−1
j )e
−S[U ]P [{g−1i U ′ijgj}] (24)
Now the point is that for the maximal tree, we can choose {gi} such that
gigijg
−1
j = I (25)
Then if the observable was gauge invariant, P [{g−1i U ′ijgj}] = P [U ′], the gij depen-
dence disappears and the integration over this set of group elements just yields an
inconsequential factor, so that the correlation function with the fixed links is equiva-
lent to the original one without any gauge fixing. On the other hand, if the observable
is not gauge invariant, we apply the rules of group integration to see the effect of inte-
gration over group orbits. For instance, suppose a plaquette observable but without
the trace:
P [U ] = UijUjkUklUli (26)
where the indices are only site indices; color indices are suppressed; the gauge invariant
observable is Tr P [U ]. In this case, the integral is
Z−1
∫ ∏
{ij}∈T
dgij
∫
[dU ′]
∏
{i′j′}∈T
δ(U ′i′j′ , I)e−S[U ]g−1i U ′ijUjkUklUligi (27)
6See [48] for further details.
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The gi that appear here are determined by the {gij} and they will be integrated over
with the group invariant measure. Then the identity∫
dG GαβG
†
γδ = δαγδβδ (28)
where α, β, . . . are color indices, will project out the trace of the plaquette.
Addition of fermions to this discussion is straightforward. The action remains
invariant, but the operator P [U ] will now include factors of M−1[U ]. If P [U ] is a
correlation function that is not gauge invariant, only the singlet part of the decom-
position will survive the integral over gauge orbits that is inherent in a Monte Carlo
simulation. Since the Fourier transform of the correlation function built from wall
sources will necessarily involve contributions that are ultralocal, i.e., gauge singlets,
we will obtain a nonvanishing answer.
B Smeared wall sources
Empirically, smearing a wall source significantly reduces excited state contamination.
This can be seen in Fig. 3, which shows the pion effective mass plot with and without
smearing, using wall sources, for two different values of the bare mass.
One can ask why this is successful. After all, one expects that for these relatively
heavy pions the dominant modes would be quarks at rest, which is what wall sources
create, i.e., p = 0. However, it is important to note that the conjugate momentum is
not p, but is pi ≡ p + A. Jacobi smearing applies eα∇˜2 to the p = 0 source,7 which
in momentum space becomes e−αpi
2
. In a general gauge background p = 0 does not
correspond to the mode with vanishing conjugate momentum. The ground state has
the strongest overlap with pi = 0 modes, and the Jacobi smearing amends the source
with link fields in such a way that this is predominantly what is contained in the
resulting operator. This is why smearing p = 0 sources improves the ground state
signal.
C GPU acceleration
As part of our NSF funded project, we developed a clover fermion interface between
the Columbia Physics System and QUDA, where the latter is a GPU library for
lattice QCD [49]. This allows us to take advantage of a lattice QCD application
library (CPS), as well as GPU acceleration for all of our inversions. We have fully
validated that our fermion matrix multiplication and inversions agree between the
native CPS routines and the ones obtained through our QUDA interface. Our code is
available for public use at https://github.com/cpviolator, or upon request. Our code
7Here, ∇˜2 is the gauge covariant Laplacian, and α > 0 is a smearing parameter.
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Figure 3: Pion effective mass for two values of the bare mass. The upper data
corresponds to m0a = −0.85 and the lower data to m0a = −0.88. All quantities are
in lattice units. This plot compares wall sources with and without Jacobi smearing.
It can be seen that the plateau is achieved significantly earlier when smearing is used.
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was largely run on XSEDE resources [50] for this study, with various supplementary
allocations and resources for side studies and analysis.
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